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One-Parameter Indecomposable and Irreducible
Representations of gl(2] 1) Superalgebra
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Using inhomogeneous boson—fermion realization, one-parameter indecomposable and
irreducible representations of the gl(2) superalgebra are studied on subspace and
guotient spaces of the universal enveloping algebra of Heisenberg—weyl superalgebra.
All the finite-dimensional irreducible representations of one-parameter of thé (2
superalgebra are naturally obtained as special cases. The parameter has relation to the
Hubbard interaction parameterin the Hubbard model for correlated electrons.

1. INTRODUCTION

A series of models of correlated electrons on a lattice and exactly solvable
in one dimension and supersymmetric, such as Hubbard and extended Hubbard
models and-J model (Essler and Korepin, 1992, 1994; Sakar, 1990, 1991), EKS
model (Essleet al., 1992, 1993), BGLZ model (Bracheat al,, 1995), has been
extensively studied because of their promising role in theoretical condensed-matter
physics and possibly in higfi superconductivity. Those models contain one
symmetry-preserving free real parameter, which is the Hubbard interaction pa-
rameterU. The supersymmetry algebra of BGLZ model for correlated electrons
on the unrestricted4dimensional electronic Hilbert spagg;_,C* is superalge-
bragl(2| 1). The indecomposable representations of Lie superalgebras have many
important applications in description of unstable particle systems (Dirac, 1984).
Therefore, it is very important to study the new one-parameter indecomposable
and irreducible representations of the ¢I(®. In the present paper we shall be
concerned with the gl(21) superalgebra. It is quit a valid approach to employ the
inhomogeneous boson—fermion realization of Lie superalgebras to study theirinde-
composable representations (Grubeal., 1983, 1984; Lenczewski and Gruber,
1986; Sun, 1987). In the present paper we shall study one-parameter indecom-
posable representations of the g|(2) superalgebra on the universal enveloping
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algebra of Heisenberg—Weyl superalgebras, and on their subspaces and quotient
spaces using the inhomogeneous boson—fermion realizations of this superalgebra.
Allthefinite-dimensional one-parameterirreducible representations of the 4j)(2

are naturally obtained as special cases on the subspaces of generalized Fock space.

2. ONE-PARAMETER INDECOMPOSABLE REPRESENTATION
OF THE gl(2 | 1)

In accordance with Chen (2000) the generators of the|dl{Zuperalgebra
read as follows:

{Qs, Q4+, Q. B, M €gl(2| Do | V4, Vo, W, Wo e gl2] 1)1} (1)

and satisfy the following commutation and anticommutation relations:

[Q3 Qi] = £2Q4, [M, Qi] =FQ4, [Q4+, Q-] = Qs,
[B, Q+] =[B, Q3] =[B, M] =[M, Q3] =0,
[Qs, Vi] = £V, [Qs Wi] =+£W,, [B,Vi]=-Vy, [BWi]=W,,
[Q+, V5] = Vi, [Qx, Wil =-We, [Q+,Vi]=0, [Q:, W] =0, (2
M, Vi]=-=V,, [M\W]=W_, [M,V_]=[M,W;]=0
{Va, Vo) = {Va, Vo) = {(We, We} = {We, Wi} =0,
Vo, Wi} = Qu, (V4 W} =Q3+ M, (V. W;}=M

In terms of one pair of boson operators and two pairs of fermion operators the
inhomogeneous boson—fermion realization of the gl{2 may be represented as
follows:

Qs =—-n+2btb+ala +aja,
B=(e+1ln—aja+aja
M= (e+1n-bth—aa
Q. =nb" —b™b—btaja — btaja,
Q =b
Vi = —vanal + Va + 1bta, + Vaa btb+ Vea afa 3)
Vo = Jea b+ Vo + 1a
W, = Vo + 1Inaj + JabTa; — Vo + 1ajb™b — Vo + 1ajalay
W_ = Vo + 1ajb — Vaay
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Consider (1+ 2) states Heisenberg—Weyl superalgebtgb*, b, af, a,
ay, &, E}, where E stands for the unit operator. According to the Poincare—
Birckhoff-Witt theorem, we choose for its universal enveloping alg€beebasis

{¢(k, Iv o1, ,311 o2, ,821 t)
= b+kb1ardlafla;a2a§2 Et | k, I, te Z+’ o1, ﬁla o, ﬂz = 0,1} (4)

Each vector in the space 6f is a linear combination of the basis with complex
coefficients. Then, we consider an extensferof the space?, in which each
element is a linear combination of the basis whose coefficients are elements of the
Grassmann algeb. a

The representation of the superalgebr@n the space af2 is defined as

f07) o (k 1, a1, B, 02, B2, 1) = ¢ (K+ 1,1, a1, 1, @z, fa, 1)
fO) o (k 1, a1, 1,2, B2, 1) = ¢ (K | + 1,01, B1, a2, B2, 1)
+ko(k—1,1, a1, B1, 02, B2, t + 1)
f(a) gkl o1, Broz fo. 1) = (L —a1) g (K |, a1+ 1, B1, 02, B2, 1)
fla) o k1, a1, Br, a2, o, t) = (1) ¢ (K |, a1, 1+ 1,0, B2, 1)
torp (K| 01— 1, B1, 02, B2, t +1) (5)
f(a3) ¢ (k.1 o1, fu, o2, f2, 1) = (11— e2) ¢ (K, |, o1, Br, 2+ 1, B, 1)
f@) o (k1 a1, B, a2, B2, 1) = (1) FH2 g (k, |, 0y, Bu, @2, 2+ 1,1)
+ (=1 o ¢ (K, |, a1, B1, @2 —1, B, t + 1)
Now, we consider the quotient spa¢ewith the basis
V= (Q/1): (¢ (K, |, a1, Br, @2, B2) = & (K, |, e, B, @2, B, O)mod |
k.l € Z%, a1, B1, a2, =01} (6)

corresponding to the two-side iddafjenerated by the elemeBRt1.
The representation (5) induces the new representation on the spdce of

f(0)p (k |, a1, Ba, @2, B2) = ¢ (K+ 1,1, a1, 1, a2, B2)
f() ¢ (.1, a1, B1, a2, B2) = ¢ (K, | + 1,01, B1, 2, B2)
+ko(k—1,1, a1, B1, 2, B2)
f(@) okl a1 1,z f2. 1) = L =) ¢ (K |, 01 + 1, Ba, a2, Ba)
f@a) ¢ (k 1, a1, 1, a2, B2) = (1) ¢ (K, |, a1, B + 1, a2, Bo)
t+ard (k1,01 —1, B1, a2, B2) (7



1252 Chen

f(ay) ¢ (k 1, a1, B, a2, o) = (=1 (1 —a2) ¢ (K, 1, a1, B1, a2 + 1, B2)
f(a2) ¢ (k |, a1, B1, az, Bo) = (1)1 92 ¢ (K, |, a, B, a2, B2 + 1)
+ (=1 Prazp (K 1, a1, Br, a2 — 1, B2)
Using the following relation
L(F(b*, b,af, &, a7, a)) = If(f(bJr), f(b), f(af), f(a), f(az), f(aZ)zg)

and the inhomogeneous boson—fermion realization (3), We obtain the representa-
tion L of the gl(2] 1) on the space of,

L(Qa) ¢ (k, I, a1, B1, a2, B2)
=(—n+2k+ a1 +a2)p (K|, a1, 1, a2, B2)
+2¢(k+ 1,1 +1,01, B1, a2, B2)
+(-1)"Q—a)p K, e1+1,p1+ 10 B2)
+(-1)*Q—-a2)p (K1, a1, fr,02+ 1,8+ 1)
L(B)¢ (K, I, era, B1, a2, B2)
=[(e+n—a1+a] ¢ (K |, 1, 1, a2, B2)
—(D"A-a)ok o1+ 1,81+ 1,0 B2)
+(=1D)*(1-a2)p (K1 a1, Br, a2+ 1,2+ 1)
L(M) ¢ (k, 1, 1, B1, @2, B2)
=[(a+1)n—k—ai] @ (k |, o1, B1, a2, B2)
—(D"A-a)ok o+ 1,81+ 1,0 B2)
—¢(K+1,1 + 1,01, B1, a2, B2)
L(Q+) ¢ (K, I, a1, B, a2, B2)
=(M—k—o1—az)p(kK+ 1,1, 01, B1, a2, B2)
—¢(k+2,1 +1,a1, f1, a2 B2)
—(-1)"Q-a)k+ 1L, a1+ 1B+ 1 a2 B)
—(-1)*A-o)p(k+ 1,1, a1, fr, 2+ 1,82+ 1)

L(Q—)¢ (k7 |1 o1, ﬁlr o2, 132) = ¢ (k1 I + 11 o1, ﬁlr o2, :32)
+k¢(k_ 1,',0(]_, .31!052!ﬂ2) (9)
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L(V4) @ (K, 1, ea, Br, a2, B2)
=—vanl—-a)¢ k!, a1+1, 81, a2 p2)
+ (=Pt a + 1¢ (K4 1,1, o, Ba, a2, B2+ 1)
+ (=1 Prapv/o + 1o (K+ 1,1, a1, B, @2 — 1, B2)
+(1-a)Vapk+1,1+1,01+1,B1, a2 f2)
+ (L —a)Vake k1, a1+ 1,1, az, f2)
+ (=121 - )l - e)Vadp (k| a1+ 1, 1,02+ 1, f2+ 1)
+ (L —aazvadp k|, a1+ 1, B1, a2, B2)
L(V-) o (K, |, ea, Br, a2, B2)
=1 -a)Vag k|l +1,a1+1, 81,02 B)
+ (1 —a)Vake(k—1,1,a1+1, B1, a2, f2)
+ (1 Ja +1¢ (k| ag, Br, a2, B2+ 1)
+ (=1 Popvo + 1k (k1 o1, fr, a2 — 1, B2)
L(WL) ¢ (K, I, a1, B1, @2, B2)
= (D" Va ¢ (k+ 1,1, a1, p1 + 1,22, B2)
+ (=1 — )1 — )V + 1¢ (K, |, a1, 1, a2+ 1, B2)
+arvag(k+ 1,1, a1 -1, B1, oz, B2)
+() L - eV +1g (k+ 1,1 + 1,01, fr. 02+ 1, B2)
+ (=D)L — )V + 1k (K, |, a1, f1, a2+ 1, B2)
(11— )d— Ve +1¢ (K|, s+ 1,81+ 1,02+ 1, Ba)
LOW-) ¢ (K, |, a1, B1, @2, B2)
= —(-1)"Va ¢k, a1, f1+ 1,02, B2)
+(DA—wVa + 1 (k| + 101, fr, 02 + 1, B2)
+ (-1 (1 — )V + 1k (k — 1,1, a1, B, 2 + 1, B2)
—aap k1, a1 =1, B, az, B2)

From (9), it follows that the sum & 8; + B2) does not decrease under the action
of the representatioh and the subspace

Vim={o Kk, I, a1, B, 02, 82) € V || 4 B1 + p2 = m} (10)
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is invariant, for which no invariant complementary subspace exists. Thus, the
representation given by (9) on the spatés indecomposable.
The generalised Fock space is defined as a quotient spate of

Y = (V/J) {d)(k, o1, Olz) =¢ (k, 0,u1, 0,as, O) modJ | k e Z+, o1, 0y = 0,1}
(11)

whereJ is the left ideal generated by the elemebts A, a; — 1, andaz — 1y;
A is a complex number, ang andn, are generators of the Grassmann alg€bra
On this space, the representation (9) induces the new representation

L(Q3) ¢ (k, a1, a2)
=(—n+2k+ a1+ a2) ¢ (K, a1, a2)
+2h ¢ (k+ 1,01, 02) + (1) (1 —a)m ¢ (K a1+ 1,a2)
+ (1)1 — a2)n2¢ (K, o1, a2 + 1)
L(B) ¢ (k, o1, ar2)
=[(e + 1)n — a1 + 2] ¢ (K, o1, @2)
(DA —oa)me (ka1 +1a2) + (=1)* (1 — a)nz2 ¢ (K, o1, a2 + 1)
L(M) ¢ (K, a1, a2)
=[( +1)n —k —a1] ¢ (K, a1, )
—(D"A—a)mo (K o1+ 102) — A (K+ 1,01, x2)
L(Q4) ¢ (k, o1, a2)
=MN—-Kk—ar—a)d(K+1,01,00) — 2 (K+ 2,1, 2)
—(1)"Q—oa)me(k+1,a1+1 a7
—(-1)*Q—on2¢p(k+ 1,01, 2+ 1)
L(Q-) ¢ (k on, 2) =2 ¢ (K, a1, 02) + k@ (K — 1, 1, ) (12)
L(V3) @ (K o, a2)
= —van(l—a1) ¢ (k, a1 + 1, 2)
+ (=1t a + Lo (K+ 1, 01, )
+ (- Vo + 1 (K+ 1,01, 00 — 1)
+(l—a)VvarpkK+1,01+1,a2) + (1 —ar))va ke (K ar +1,a2)
+ (=121 — a1)(L — )V 2 (k, @1 + 1,02 + 1)
+ (1 — 1) aav/a d (k, a1 + 1, a2)



One-Parameter Indecomposable and Irreducible Representations of gl(2) Superalgebra 1255

L(V-) ¢ (K, a1, a2)
=1 -a)Varek o+ 1,0
+ (1A —a)Vakek—1 a1+ 1,02 + (-1 Vo + Ln2 ¢ (K, a1, a2)
+ (=1 ava + 1k (K, a1, @2 — 1)
L(Wy) @ (K, o1, 2)
= (- (n— 1) L — ax)Vr + 1 (k, @1, 2 + 1)
+ (=D Van ¢ K+ 1, a1, 00) +arv/ad(K+1,a1 — 1, a0)
+ (11— eV +1r¢ (K+ 1, a1, 02+ 1)
— (D1 - ax)vVa + 1k¢ (k, a1, 2 + 1)
—(l-—a)l-a)Va+1Inm¢Kar+1a2+1)
LOW-) ¢ (k, a1, a2)
= (-1 - o)Vo +1a¢ (K as, a2+ 1)
+ (1A —a)Va+1ke(k— 1,1, 02+ 1)
— (-1 ni¢ (K, a1, a2) —arv/a ¢ (K, a1 — 1, 2)

The representation given by (12) is an infinite-dimensional irreducible rep-

resentation for the cases# 0, n; # 0, orn, # 0. Wheni = n1 = n, = 0, the
representation (12) becomes
L(Qa) ¢ (K, a1, @2) = (=N + 2k + a1 + a2) ¢ (K, o1, )
L(B)¢ (k, a1, 02) = [( + 1)N — o1 + 2] ¢ (K, €1, @22)
L(M) ¢ (k, o1, a2) = [(& + 1)n — k — 1] ¢ (K, a1, )
LQu) o (ko a2) =(N—k—a1 —a2) ¢ (K+ 1,01, ap)
L(Q-) ¢ (K, a1, 0) = k¢ (k— 1,011, ) (13)
L(Vi)# (K, a1, @2) = (@2 =N+ K)(1 — o)V b (K a1 + 1, a2)
+ (=1 ava +1p (kK + 1,1, a2 — 1)
L(VO) o (K ar,a0) = (1 —a))va ke (K—1,a1+1,0)
+(—1) v + 1k (K, a1, 02 — 1)
L(W,) ¢ (K, a1, @2) = (1) (N — k —a1)(1 — ex)Vr + 16 (K, a1, 2 + 1)
+oivop (K+ 1,01 —1,a)
LW-) ¢ (k, a1, @2) = (=1 (1 — ap)Vr + 1k (k — L, 1, a2 + 1)
—ava g (K oy —1,00)
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We can easily see that the representation (13) is an infinite-dimensional ir-
reducible representation wheng Z*. Obviously, the invariant subspace exists
whenne Z+,

Y(n): {¢(k, o1, ()[2) evY| k+oar4+ar<nke Z+, o1, 0 = 0,1} (14)

dimY(n) = 4n (15)

and there is no invariant complementary subspace. Thus, the representation (13)
is indecomposable. Restricting the representation given by (13) to the invariant
subspacey (n), we can obtain a finite-dimensional irreducible representation of
the gl(2| 1).

3. ONE-PARAMETER IRREDUCIBLE REPRESENTATIONS
OF THE gl(2 | 1)

For the sake of simplicity, we redefine the basi¥ @f) as

_ ~ (- mMIQ] — a1 — a)! |
[J, m, a1, az) _\/(j I —m—aDl(] —m = ap)] é (] +m, a1, ar)

(16)
where

o1 1.3

J:Enzo,é,lé,Z, ......

m=—j,—j+1,...,j, whena; =0, a; =0
m=—j,—j+1,...,j—1, whenuy =0, ap=1
m=—j,—j+1,...,j—1, wheney=1, a2=0
m=—j,—j+1,...,j—2, whene;=1, ap =1

The action of the generators of the g|(2) on the new basis vector is straight-
forwardly obtained with the help of Egs. (13) and (16). One finds

Qslj, m, a1, a2) = (2M+ oy + a2)|j, M, ay, a2)
B“l m; al!a2> - [(a + 1)21 - (X]_+a2]|j, m; o1, (X2>

MIj, M, a1, a2) = [ + 1)] — M —aa]|], M, a1, a2) (17)

Q+| j: m: o1, 052>

o GemeDG-m
=(j —m—otl—ocg)\/(j Er——r _m_az)lj,m+l,a1,a2)
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Q*'ji m, a1, a2)

(+m(j-m+1—o)(j—m+1-— az)
j—m+1

] m-—1,aq, 0[2)

V+|j1 my o1, 012)

i 2] —ag — .
= (1 — ar)Va(ar — j +m) Mn,erl,al—l.az)
J—M—oa3

. (j+m+1)(j —m)
+(-1) a2\/0‘_H\/(j —Mm—o1)(2] —a1 —az+1)

X |j,m+1,0(1,C(2—1)

V_[j, m, o1, a2)

2] —op—ax+1

1 1
_( 1)ala2 a+ \/—az—i_|Jvrnva11a2_l>—i_(:I'_al)\/a

X\/(J +m)(j —m—oa2+ 1)(2] — a1 — ) [i,m—121,a1+1,a)

j—m+1

W+|j m, a1, o)

— (j +m+1)(j —m) _ )
al\/_\/(J_ —oez)(2]—al_a2+l)|J,m+l,a1 1, a0)

. 2j —a1—as
F (1)1 — a)Vea F1( — m—ai) % i, m, g, o + 1)
- — &2

W_[j, m, a1, az)

m— 1
= —a1/a \/2] “ur [j,myar —1,a2) + (=1)*(1 - a2)vVa +1

—op—azx+1

X\/(J+m)(l TMoa D@ o) g g g, )

j—m+1

where we restrictj, j + 1, a1, 02) = |j, —] — 1,1, 02) =0

To illustrate the irreducibility of the gI(2 1) representation, we have a simple
discussion. In the first place, the representation sjgé2g) setup by all j, m, o1,
a2) marked withj is invariant under the action of the gl{2) generators. In the
next place, there is no true subspace in¥{i2j). It is clear from Eq. (17) that this
representation is anj8dimensional irreducible representation.
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We have obtained one-parameter indecomposable and irreducible representa-
tions. All the finite-dimensional one-parameter irreducible representations of the
gl(2 | 1) have been given on the subspace of the generalized Fock space.
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